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Abstract 
The length of a cycle basis of a graph G is the sum of the lengths of its cycles. Let c-, c+ be the 
lengths of the minima1 and maxima1 cycle basis, respectively. Then G has the cycle basis 
interpolation property (chip) if for all integers c, c- < c < c+, there exists a cycle basis of length 
c. In this paper, we will prove that a family of special outerplanar graphs with only one triangle, 
namely bamboo shoot graphs, have the chip. 
Keywords: Cycle basis; Length of a cycle basis; Cbip 
1. Introduction 
The author of [3] proved that the snake graphs and the kite graphs have the chip. 
These two families of graphs have many triangles. This suggested finding a family of 
(2-connected) graphs with a small number of triangles or without any triangles having 
the chip. 
Prof. F. Zhang conjectured that bamboo shoot graphs have the chip. In this paper, 
we will prove this conjecture. 
First, we give some notations. Let 1 be the dimension of the vector space of cycle 
sets of a graph G. Let C1 @ C2 = C, v C2 - C, n C2 and CkFP = Ck @ Ck+ I 
@ ...@ C, where the Ci are cycles of a graph G, k < i < p. 
Our proof will depend on the following lemma. 
Lemma 1.1 (Harary et al. Cl]). Zf a set of independent cycles p’ = {C;, C;, . . . , CL} can 
generate all cycles of some cycle basis /I = {C,, C2, . . . , C,}, then j’ is also a cycle 
basis. 
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2. Bamboo shoot graphs 
Definition 2.1. A bamboo shoot graph B,, for n >, 4, is a 2-connected outerplanar 
graph G such that 
(i) each vertex of G belongs to at most two interior faces, and 
(ii) G has precisely one triangle, one cycle of length 4, . . . , one cycle of length n 
(Fig. 1). 
We denote by ti the unique cycle of length i containing ei, 3 < i < n. It is clear that 
Bn = (V4, *a* 3 t,,} is a minimal cycle basis. Let c- = 1 (j3;) and 
p = max {p~~~(c3J-P’) > l(Cn-P’+ h)} = 
I 
n _ 3 + J@ - :)2 + tn - 2)2 
1 
. 
Consider 
,yn’ = {c3.y4.“, ... ,~n-p,n,c3.n-p ,... ,~3=2,~3,n-1}. 
So /I.’ has A= n - 2 cycles. 
Since 
t, = C’v” $ Ci+l*” 3 < i < n - p - 1, 
I 
i c3.i-1 B c3,i, n-p+l<i<n-1, 
t,_, = P*“-p@ t3 @ *em @ tn_p_l, 
t, = C3,” @ c3.n- 1, 
so B.’ is a cycle basis (lemma 1.1). Because it can be constructed by the 
Stepanec-Zykov method with edge set {e3, . . . , e,} [2], /I.’ is a maximal cycle basis 
and therefore c+ = I(b.‘). 
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Let pi={C3s” )...) Ci*“,ti+l )...) tn}, 3<i<n-p, and pj={C3*” ,..., Cn-p*n, 
c3.n-P 
,*.*, 
c3.j-1 t. , ,+1 ,..., tn}, n-p+l<j<n. It is easy to check that pi 
(3 < i < n) can generate fl.. SO fli (3 < i f n) is a cycle basis . Let ci be the length of pi. 
It is easy to see that c2 = c- < c3 < a.. < c,_~ < c+ = c,. 
Theorem 2.1. B, (n 2 16) has the dip. 
Proof. As described previously, /I; = (t3, . . . ,tn} and /I.’ = (C3*“, . . . , Cnep9”, 
c3.n-P 
,.**, C3”- ‘> is a minimal and a maximal cycle basis of B,, respectively. To 
identify a cycle basis of length c, c- c c < c+, we divide (c-, c+) into n - 2 intervals 
(c-,c3),...,(c.-l, c'). Then there exists an integer m such that c, < c < c,+, . The 
following cases are considered separately. 
Case 1: 2 < m < n - p - 1. Let fim,i = {C3,“, . . . ,Cmn.n,Cm+19i,tm+2, . . . ,t.}, 
m + 2 < i < n - 1. It is easy to check that /I,,,i can generate /?, . SO fl,,,, i is a 
cycle basis (Lemma 1.1). Let c,,i = 1 (fim,i)* It is easy to see that 
c,= c,,,+1< cnt,,+2 < *** <c,,,-1 ~Gn,,= Gn+t. To identify the cycle basis of 
length c, where c,<c<c,+i, we further subdivide (c,, c,+1) 
into (cnl, c m,m+2)>(c m,m+2,~,,,+3),...,(~,,,-l,~,+1~ Then there exists an 
integer k, m + 2 < k < n, such that c,,,k_ 1 < c < c,,k. Let c = c,,,k- 1 + 1. It is easy to 
see that 1 < I< k - 3. 
We will now construct a cycle basis /I of length c, according to /$,,k _ 1 and number 1. 
For 1 > m, let fi = {C3.“, . . . . C”‘*n,Cm+1*k-1,t,+2, . . . . t1+2,C1+2s1+3, t1+4, . . . ,t.}. It 
is easy to check that /I can generate /I;, so /I is a cycle basis (Lemma 
1.1),/(B) = C,,,k_r + &Cf+2”+3) - (I + 3) = c,,k-1 + 1 = c. 
For I< m - 1, we consider three subcases: (i) m = 2; (ii) 3 G m < Ln/3 J + 2; 
(iii) Ln/3 J + 3 < m 6 n - p - 1. These three subcases can be solved by the same 
method, so we will investigate only case (iii) which is the most complex one. 
Let II = min {i] 1 < l(Cm-i,m+l) - n-5},wherel<l<m-LItiseasytoseethat 
II 2 0 and 
12 l(Crn_ h+l.m+l) _ n _ 4 
2 l(Cm- ‘*m+l) - n - m - 1 + II - 1. 
I>, &cm-h.m+l ) - n - 5 - (m - 4). 
For II = 0, 
12 l(C).+ lvrn+ ‘) - n - 3 
2 l(Cm*m+ ‘) - n - 5 - (m - 4). 
Let I2 = I- l(Cm- ‘lvm+ ‘) + n + 5 + (m - 4); clearly, 0 < I2 < m - 4. 
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Let 
t, = (C12+3sn-1 @ t[*+3)@ C1Z+43n, t”-l = Cn-2*“-1 @ tn-2, 
ti = ~Ln~~i+l,n, 3di<12+1, 12+4<i<m-1, 
c,,+2 = (cl2+2** @ r,) @) Ci2+3*n-’ 
and, for k - 1 > m + 2, 
t - Cm+l'k-l@tm+l @tm+3@ "'@tk_l, m+2- 
fork-l=m+l, 
t _ cm+l,k&l m+1- 9 
t m = Cm-ll*m+l @ t,+1 @ tm_,, @ *** @ tm-l, 
t **2=Cm~*Ot*Ot*+~Ot*+30~~~Ot”. 
So /3 is a cycle basis (Lemma 1.1) and 
i(p) = c,,k- 1 + l(cm- ‘I**+ ‘) - n - 2 + l2 + 3 - m - 2 
=c m,k-1 + /(Cm- ‘l’m+l) - n - 5 - (m - 4) + l2 = cm,k_ 1 + 1 = c. 
Case2. n-p<m<n-l.Consider 
Bm,i = {P, . ..) Cn-p*n,C3J-p )..., C3,m-1,Ci*m,tm+2, . ..) t,}, 
3<i<m-1. 
It is easy to check that j?,,,; can generate pi, so Pm,i is a cycle basis (Lemma 1.1). 
Let c,,i = I(Pm,i); clearly C, < c,,,-~ < .e. < c,,~ < c,,~ = c,+~. TO identify 
cycle basis of length c, c, < c < c,+ 1, we divide (c,, c,+ 1) into 
;,, cm,,-1) ,...> (c m,4, cm+ l). There must exist integer k, 3 < k < m - 1, such that 
cm,k+l < c < cm,k. Let c = cm,k+l; clearly 1 < 16 k - 3. 
Similar to case 1, we can also construct a cycle basis fi of length c, according to fi,,,,k 
and number 1. 
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<a.._.__D (l(ti)*4, I&i&n) 
Fig. 2. 
We divide case 2 into two subcases: (i) n - p < m < n - 2; (ii) m = n - 1. These two 
subcases can be solved by the same method as used for case 1, so we omit the proofs. 
Thus we have proved Theorem 2.1. Cl 
To end this paper, we give Prof. Zhang Fuji’s conjecture. 
Conjecture. Planar graphs without any triangles do not have the chip. As a a partial 
result. we have Theorem 2.2. 
Theorem 2.2. An outerplanar graph G without triangles which has the property that 
each of its vertices belongs to at most two interior faces does 
(Fig. 2). 
Proof. It is clear that p- = {tl, t2, . . . , tn} is the minimal 
k = min {i 1 l(ti) < I(tj) for all j, 1 < j < n}. 
not have the chip 
cycle basis. Let 
Consider B1 = {tl, . . . , t&l, tk,Ck’k+l, tk+2, . . . . tn>. Except p-, the other cycle bases 
must be constructed by means of the symmetric difference of some adjacent cycles in 
the set (tl,t2,..., t,}, so it is easy to see that b1 is a second smallest cycle basis, but 
/(/II) - I(fi_) = I(Ck,k+’ ) - &tk+l) = i(tk) - 2 > 2, according to I(ti) > 4 for all 
i , 1 d i < n. Thus G does not have the chip. The proof is completed. 0 
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